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PREVIOUS RESEARCH

One of the oldest approaches to obtaining efficiency in the public
Schools has been the quest for an "optimum" school size, Unfortunately
this "optimum™ has been almost as elugive to reéearchers a8 the Holy
Grail was to King Arthur's knights. The problem, as Hickey (1969) has
recently pointed out, is that we don't ask the right questions., At the out-
set we should determine whether this "optimum" size is being sought relativ‘é‘
to (a) output, or to (b) costs, or to (¢) educational services provided. We |
also need to determine just what units of aralysis we are talking about, i. e,
" school districts versus individ.uél high schools, or’ junior high schools, or
elementary schools. - The right question, it would Seem, is to ask‘wfiat the
"optimum‘f size ig rc_la.tivé to all three variables simulLau‘eoub‘ly, or at 1eaS_t :
- for two of them, that is, cost and output. We hasten to inform the reader
that we have not ask that question and hence must join a humber of other |
studies in ﬁhe purgatory of partial analysis.

No small part of this "optimum" size puzzle lies in determining the
"true" shape of the function of size relative to outputs, costs, and services
provided. If all these functions turned out to be linear it would be helpful
since linear programing technianes could then be utilized to achievé a solution
subject to Severai constraints. For educational services provided there would
Seem to be no great mystery., An abundance of research indicates that the
funcltion is, indeed, linear. That is, small schools provide less services

and larger schools provide more services (McTfure, 19€4; Benson, 1965;



Thomas, 1868; Kiesling, 1968). We also know that the increased diversifi- |
cation of services in the larger schools results in higher costs (Bowser, 1969).
Once that safe harbour is left behind, however, the sea gets much rougher aad
the linear assumption appears much more in doubt.

The size-output relationship is particularly perplexing. For California
eclemontary schoole in metropolitan areas Alkin and Benson (1968) could fing |
no increase in mathematics and reading achievement associated with increased
size aiter the soclo-economic background of students and the expenditure per
pupil had been allowed to operate. Since the size variable was not statistically
significant the investigators did not try to determine the shape of the size- |
output function. Kiesling (1968) did explore the shape of the size-output
function using high school data from the Project Talent survey. For several
outputs the shape of the function is that of a parabolic arc with a posgitive linear
component and a negative guadratic component. The "optimum" high school
size relative to several achievement tests falls in the 1200 to 1600 ADA range.
However, this U Sha,ped curve is present only in the gross relalionship betweezj_
slize and the outbuf variables. When the socio-economic background of the -
'étudents and the expenditure per pupil are allowed to operate the shape of the

function c‘hang'es and it then becomes linear and negative, That is, larger
_ 'sclhools are associated with lower achievement test scores. Given these
results we would have to concuf with James and Levin (1970) that it is not

very meaningful to talk about economies and diseconomies of scale with regard
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| to output; at least not until we have more information on the shape of the
function, |
Reseafching thé cost-size relationship is an old activity for students

of educational administration. A review of the secondary literature will show
that tk;ere have been many such studies conducted (Cooper and Dawson, 1950;
Stephen and Spies, 1967; James, 1969). A great many of these studies have
reported that the cost-size relationship is not linear. Specifically they have
reported that high per pupil costs are usually assoclated with both small |
schools and very large ones, with minimal costs for those in between. This
is in keeping with economic theories of the firm where one expects to find |
~ both "economies and diseconomies of scale". That is, unit csst is usually
higher for a small unit of output, but as the unit _éf output is increased 1mﬁ+,‘
cost per unit output decreases. However, as the unit of output is increased
a point is reached where unit costs start to elimb. Several reasons are ad- =
vanced for this in the economlc llterature but they tend to boll down to

‘ resultmg from a- greau'ter d1v1s10n of 1abor and spemallzatlon ' Dlseconomles !
;.‘.are oftsn assoclated with tne costs of coommatmq and ma,naglng the larger
- productlon processes. | |
| ‘. As mic‘ﬁht be expéc'tsd wfxth so many cost-size studies being conducted,
: t'k‘ie‘;:e_;searc‘h ﬁesigns, units of analysis, and statisf.ical sdphistication of the
ihmsstiQato,i-s varies greatly. Fven among fr':‘._he hetter studies there apre prob-—v

: flems.j For_- eXample, some studies have simply assumed the existence of 2
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parabolic arc which is negative in the linear and positive in the quadratic
(Hirsch, 1960; Riew, 1966). In these studies no attempt was made to
statistically test the extent of departure from linearity. One study (Hanson,
1963) used a residual approach, that is, the residuals from a prior cost
function in which the size variable had been deliberately excluded were used.
The concept of economy of scale is fully supported in the Hanson study but
the notion of diseconomies received less support. In three of the studies
(Hirsch, 1980; léiew, 1968; Cohn, 1968) an attempt was made to control for
quality of services provided. Inthe Riew study this was done by including
such items as number of credit units offered, and the average number of
courses laughl per Leaéhér Wl‘LIIlJ'.Il the general cost model. Tn Cohn's 1nve$t'i—
gation this was achieved by such variai:)l.es as average number of collége
semestef hours per teaching'assignment, aﬁd averagé riumber of different
subject matter assignments per high school teacher being included in the
cost model. Cost-size studies which attempt, no matter how crudely, to N
control for quality of services | provided must be considered superior'to those
studies that do not control on this variable. This is the most important. and
serious reservation the researchers have about the findings reported in this
paper. The cost-size relationship was explored without controls established |
 for levels of services provided. However, unlike previous studies, the

| departure from llnearity of the cost-size functlon was tested statistically

~rather than simply assumed to exist.
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Two studies (Riew, 1966; Cohn, 1968) applied the differential calculus
to the parabolic fuilction to determine the minimum cost position. This
resulted in very Simila.r findings. Riew found optimum high school size
relative to cost in Wisconsin to be 1675 ADA in the 1960-61 school year
and Cohn found the optimum size of Iowa high schools to be 1500 ADA in
the 1062 -63 school year. Recalling the Kesling optimum for achicvement
scores the 1600 ADA figure may Well prove to be optimal on several criteria.

"The study reported here also uses the differential calculus to determine

optimurn size relative to cost,



THE BASIC QUESTIONS OF THE STUDY

- 4

Within the framewbrk of this size-cost relationship four basic
questions were asked:

1. At what size range are school districts in Illinois
"too small" in terms of the "economy and disecoﬁomy"
concept?

2. Are there "large" school districts in Dlinois that are
in the "diseconomy" range?

3. What is the optimum size for school districts in Illinois,
if indeed there is such an optimum size?

4. On the basis of the three types of School districts, will
it be more economical to operate a unit district than |
to operate separate slementary and secondary school

districts of comparable size to the unit district?

THE RESEARCH VARIABLES

The two basic variables used in the stndy were district size in
terms of average daily attendance (ADA) and school expenditures. The
school expenditures are the observed current expenditures per pupil in
ADA in the district. In Illinois these expendilures are reported in what

is called the "educational fund". Capital expenditure was not included.
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Three forms of this cost variable were ahalyzed for their felationéhip W‘ith." .
the district size.
1. The gross form. This is the actuél observed expenditures
per pupil without eliminating or holding constant any factor(s)
that may influence cost in the district.
2. The reoidusl form. This io the difference between the observed -
expenditures of the district and the expenditure level based
on a linear and/or curvilinear relationship with the district's
wealth in terms of assessed.'property valuation,
3. The administrative cost per pupil. This is a part of the
current operating expenditures that perta.ins to ad.ministrat;ic;n.
These three forms of cost served as the dependent varia,bles Whi‘le
the district ."sizé served as the independent variable, In the statistical |
treatment the variables were analyzed separately for the three types of
school districts. This was a cross-sectional analysis and the individual .

school district was the basic unit upon which the data were collected.

THE SAMPLES

The samples for this study were drawn from public school districts
in the State of Tllinois, with the exclusion of the sehool district in the City
of Chicago. IFor each type of district--elementary, secondary, unit--

100 schools were selected to form the samples. _100 elementary districts



offering K-8 grades, 100 secondary districts offering 9-12 grades, and
100 unit districts offering K-12 grades. Bince in this study a satisfactory |
representation of the variation of the d.istrict size is necessafy, fhe pro-
portional stratified sampling technique was employed. The 100” school _
districts for each type of sample have Size ranges of; elementary districts
from 49 to 9, 733 pupils; secondary districts from 63 to 9,000, and unit

d.istricts from 111 to 32, 000 pupils.

THE MATHEMATICAL ANATLYSIS

The "economy and diseconomy" concept assumes that a curvilinear
relationship exists between size and cost. High costs are usually associated -
with both small districts and very large ones, with minimal costs for those
districts in—between. To determine whethér this assumption holds the
analysis utilized three tools: |

1, The graphic method. This method was used only to visually
determine whether the cost-size relationship does depart from linearity.
This method was performed by classifying the school districts in the
sample into size groups and computing the averages of these size groups.

. The averages were then plotted on ordinary graphing paper.

2. The statistical approach. This proc'ess was performed by
fitting the "best fit" curve on the data. Mathematically, curvilinear
relationships can be expressed by many equations. However, the theoret-

ical construct upon which this study was based suggested the concave
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ps.rabola, as a model of the cost-size relationship. This simple parabola
1s defined by the equation ¥ =a - bX + ex?. This curve has two character- . -
isties: (1) The curve is always symmetrical on both sides Qf the lowest ‘
point--—the point where it Stop.é going down and starts to turn up. The

curve could then be cut into halves at the point of turning upward; one half -

would be the mirror-image of the other. (2) The curve has only one cﬁaimge [
i e
or inflection point, i.e., from moving downward to moving upward. ’SIjh_ese
characteristics make the simple parabola not very satisfactory to r'ep'rl'é'sent
many types of relationships. However, it has some flexibllity in that rhé,ny
different shaped curves can be represented by some particular arc segments
of the parabola. (Ezekiel and Fox, 1959). Because of these characteristics
other parabolic functions were also employed which Involved the logarithmic
transformations of some of the components of the equation of the simple
parabola. Algebraically, the analysis was performed by polynomial regres~.
sions for each curve function up to the second degree order. | (Draper and

Smith, 1968). BStatistically the parameters were estimated by the least

squares method. The regression equations are as follows:



First degree order ~ Second degree order
1. Y=a+bX Y =a + bX + cX?
2. Y =a +blogX Y =a + blogX + c(logX)z
3. logY =loga + blogX  logY =loga + blogX + c(logX)z
4. log¥ =loga + bX . log¥ =loga + bX + X2

where: Y =the dependent variable, cost
X =1the independent variable size (ADA)
a = the constant term (intercept value)
b =the regression coefficient of the linear function
¢ =the regression coefficient of the quadratic ﬁmctioﬁ
The polynomial regression was employed so that both thellinea;r'
and quadratic functions could be fitted to the da.ta.. The quadrati§ fit could
then be compared to the linear fit to determine whether the qué,dratic . |
function was a significant improvement over the linear function. The F-test

employed to determine the improvement of fit is defined by the equation

(Volk, 1968):

/)T B f -

where: S5 g9 = the sum of squares due to regression of the
second degree order

883 = the sum of squares due to regression of the
' firat degree order

) Ssaz =the sum of squares about regression of the
0 second degree order

n = the number of items in the sample



"The shape of the curve will depend on the signs of the regression
coefficients. If the value of the b coefficient is negative and the value of
the ¢ coefficient is positive the curve will be concave from above, If the
value of b is positive and the ¢ is negative the shape of the curve will be
convex.,

To determine which parabolic function hest fits the dats the indoxecs
of correlation and determination were compared, The parabolic function
that provided the highest indexes of correlation was used to describe the
relationship between size and cost. An I-test was employed to determine
whether the Indexes of determination (Rz) are significantly different than

zero, The test is defined by the equation (McNemar » 1969): .

a
P R/m

(l-Rz) / (N =111~1)

where: R2 =the index of determination

m =the number of parameters (regression
coefficients) ‘

N =the number of cases in the sample
3. The calculus application. In order to find the "optimﬁm”
size district relative to costs the first derivative of the function
Y =a +bX + cX‘2 was taken which is b + 2¢X. Setting the first der.ivative
equal te O and solving for X, the inflection point of the parabolic function
will be determined by dividing Lhe linear coefflclent (b) by twice the value

of the quadratic coefficient (c).
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LIMITATIONS OF THE DESIGN

The study limited itself to the analysis of the relationship of
district size and school expenditure, per se. The cost variable wag not
weighted ﬁor analyzed for what it "buys" in terms of school programs
the districts in the sample offer. Of the factors that could influence
school expenditure in the district only one, the "wealth" of the district in
terms of assessed valuation, was considered.

The quadratic function that was utilized in the analysis adequately
described the relationship between size and cost, but a better relationship

may be fully expressed by a more complex curve function.

RESULTS QF THE ALGEBRAIC ANALYSIS

The E:resm.ts of the least square regression show that of the four
parabolic functions used in the analysis, the equation that appears to best
fit the data for the three forms of cost variable is Y =a ~ blogX + c(logX)z.
The relationship of the cost-residual and size for the high school district,
however, is best described by the equation log¥ = loga - blogX + c(logX)z.
These equations provided the highest indexes of correlation and determin-
ation and were found to be significantly different than zero at the . 0l level
of significance (Table 1).

For all cost variables and for all types of districts the parabolic

function was a better fit to the data than the linear function (Tables 2, 3, & 4).
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Graphs of the functions are provided in Figures 1, 2, & 3.
ERINCIPAL FINDINGS

1. The "economy and diseconomy of séale" concept, as it applies
to school operation was fully supported. It was evident that as the size of
enrollment increased school expenditure decreascd up to a certain point in
the size continuum. When the enrollment exceeded this point per pupil
costs start to climb.
2. 'The unit school district experlences economies of scale through |
a. much greater segment of the size continuum than the elementary and
secondary districts. | |
3. Size of the district in terms of pupil enrollment in ADA influencé‘
per pupil cost with or without holding constant the effects of thé asseéséd
valuation upon costs.
4, About B8 per cent of the variation in administrative cost per
pupil is explained by the size of.the unit district, while only 15 and 23 per
| ;:ent are explained by size of the elementary and secondary school districts,
respectively, It was also shown that the unit district experiences economies
of scale on administrative costs through a greater segment of the size
spectrum than thé dual elementary and Secdndary districts.

8. The regression and calculus analysis of the three forms of
cost variables with size have established the following minimum-optimum-

maximum gize values for economic efficiency:
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a. Gross expenditure on size.

(1) Elementary district - minimum 250; optimum 750;
and maximum 3,000 ADA.

(2) Secondary dlstrlct - minlmum 175; optlmuﬁl 500; and o
maximum 2,000 ADA.

(3) Unit district - minimum 1, 000; optimum 5, 000; and
maximum 39, 000 ADA.

b. Cost-residual on size.

(1) Elementary district - minimum 125; optimum 500; and
maximum 1, 500 ADA,

(2) Secondary district - minimum 180; optimum b00; and
maximum 2,000 ADA.

(3} Unil district - minimum 400, optimum 12, 500; and
maximum 50, 000 ADA.

¢, Administrative ¢cost on size.

{1) Blementary district - minimum 400; optimum 7, 500;
and maximum 20,000 ADA.

(2) Secondary district ~ minimum 420; optimum 2, 500; and
maximum 12, 000 ADA.

(3) Unit distriet - minimum 1, 000; optimum 8, 000; and
maximum 40, 000 ADA.

8. The contention that it will be more economical to operate a
unit district than to operate elementary and secondary school districts
of comparable size to the unit district was verified provided that the size
of the unit district is at that level were the least-cost mcomblna.tioﬁ of the

unit district is less than those of the dual elementary and secondary

districts combined. This enrollment level for the unit district in Illinois
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was 1,500 ADA. As enrollment size increase from this level, estimates
of per pupil cost for the unit district become consistently less when com-~ - |
pared with estimates for the elementary and secondary districts of compér-
able size to the unit district. The difference becomes more pronounced the

larger the unit district becomes until the optimum size is reached.

CONCLUSION

It can be concluded that on the basis of per pupil expenditures the
unit districts are enjoying more of the benefits of economies of scale
{(least-cost-combination) than dual elementary and secondary districts.

In Illinois there are quite a number of small and large elementary and
secondary districts that can be considered to be operating in "diseconomy".
This could be eliminated by reorganizing the dual districts into unified
districts (K-12) of sufficieﬁt size to benefit from the least-COSt~combination.
Likewise, there are small unit districts that should be reorganized into
larger units. For optimum efficiency the unit district shou.ld be organized
with 5,000 ADA where feasible. A larger optimum size could be set at

12, 500 ADA and a maximum of 20,000 ADA in areas where the population
warrants., BEach state department of education should conduct its own size
studies. There is good reason to believe that the "optimum" size in one
state is not necessarily the "optimum" size in another state. Howevér,

the methodology illustrated in this paper should be applicable to most

studies which focus on questions of "optimum size".
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TABLE 1.

F-VAIUES FOR THE TEST OF SIGWIFICANCE OF THE
INDEXES OF DETERMINATTIONE

Index
of Deter., F-Value
(r2)
‘ Gross Expsnditure

Equation: ¥, = a - b}ogx + ¢(logX)?
Elementary District $1706l 10,39°
Secondary District - 1332 . 7.h6b
Unit District | 1521, 8.70°
Cosgt-Residual
Equation: d = a ~ blogX + ¢(logX)?
Elementary District . «1369 7.70°
Unit District | .1296 7.22P
Equation: logd = & = blogX + o(logX)?
Secondary District o Allely 8.l9b
Administrative Cost |
Equation: ¥, = a = blogX + c(logx)?
Elementary District .230L 1h..53P
Secondary District .1522 8.71P
Unit District 581 68,277

BP0 be significant with 2 degrees of freedom in the
mumerator and 97 degrees of freedom in the denominator F o5 =
3.093, F.Ol = h.829. *

bsignificant at the .01 level.

L
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